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Density	
  func2onal	
  theory	
  

Walter	
  Kohn	
  

Nobel	
  Prize	
  in	
  Chemistry	
  1998	
  

	
   	
   The	
   fundamental	
   laws	
   necessary	
   for	
   the	
   mathema2cal	
  
treatment	
  of	
  large	
  parts	
  of	
  physics	
  and	
  the	
  whole	
  of	
  chemistry	
  
are	
  thus	
  fully	
  known,	
  and	
  the	
  difficulty	
  lies	
  only	
  in	
  the	
  fact	
  that	
  
applica2on	
   of	
   these	
   laws	
   leads	
   to	
   equa2ons	
   that	
   are	
   too	
  
complex	
  to	
  be	
  solved. 	
   	
   	
  	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐-­‐-­‐-­‐-­‐	
  Paul	
  Dirac	
  

The density of particles in the ground 
state of quantum many body system 
is a basic variable, i.e., all properties 
of the system can be considered 
unique functionals of the ground 
state density. 

P.	
  Hohenberg	
  and	
  W.	
  Kohn,	
  Phys.	
  Rev.	
  B,	
  136:	
  864,	
  1964.	
  

W.	
  Kohn	
  and	
  L.	
  Sham,	
  Phys.	
  Rev.	
  A,	
  140:	
  1133,	
  1965.	
  

  

€ 

Ψ( r 1,
 r 2,...,
 r N )   

€ 

n( r )

The	
  Kohn-­‐Sham	
  ansatz	
  assumes	
  
that	
  the	
  ground	
  state	
  density	
  of	
  
the	
  original	
  system	
  is	
  equal	
  to	
  an	
  
auxiliary	
  non-­‐interac,ng	
  system.	
  

exponen,al	
  
wall	
  (p3N)	
  



Hohenberg-­‐Kohn	
  theorem	
  I	
  

Theorem	
  I:	
  For	
  any	
  system	
  of	
  interac2ng	
  par2cles	
  in	
  an	
  external	
  
poten2al	
   Vext(r),	
   the	
   poten2al	
   Vext(r)	
   is	
   determined	
   uniquely,	
  
except	
  for	
  a	
  constant,	
  by	
  the	
  ground	
  state	
  par2cle	
  density	
  n0(r).	
  

n0(r)	
  

Vext(r)	
  



Proof	
  of	
  theorem	
  I	
  
Assume	
  two	
  external	
  poten2als,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  exist	
  that	
  differ	
  by	
  
more	
  than	
  a	
  constant	
  and	
  correspond	
  to	
  the	
  same	
  GS	
  density.	
  

E (2) = Ψ (2) Ĥ (2) Ψ (2) < Ψ (1) Ĥ (2) Ψ (1)

E (1) = Ψ (1) Ĥ (1) Ψ (1) < Ψ (2) Ĥ (1) Ψ (2)

Vext
(1)(r) Vext

(2)(r)

Vext
(1)(r)⇒ Ĥ (1) ⇒Ψ (1)

Vext
(2)(r)⇒ Ĥ (2) ⇒Ψ (2)

n0 (r)

Assume	
  the	
  ground	
  state	
  is	
  not	
  degenerate.	
  Varia2onal	
  principle	
  
dictates	
  

Rewrite	
  the	
  last	
  term:	
  

Add	
  them	
  together:	
  



Hohenberg-­‐Kohn	
  theorem	
  I	
  

Theorem	
  I:	
  For	
  any	
  system	
  of	
  interac2ng	
  par2cles	
  in	
  an	
  external	
  
poten2al	
   Vext(r),	
   the	
   poten2al	
   Vext(r)	
   is	
   determined	
   uniquely,	
  
except	
  for	
  a	
  constant,	
  by	
  the	
  ground	
  state	
  par2cle	
  density	
  n0(r).	
  

Corollary	
  I:	
  Since	
  the	
  Hamiltonian	
  is	
  fully	
  determined,	
  expect	
  for	
  
a	
   constant	
   shid	
   of	
   the	
   energy,	
   it	
   follows	
   that	
   the	
   many-­‐body	
  
wavefunc2ons	
  for	
  all	
  states	
  (ground	
  and	
  excited)	
  are	
  determined.	
  
Therefore	
   all	
   proper,es	
   of	
   the	
   system	
   are	
   completely	
  
determined	
  given	
  only	
  the	
  ground	
  state	
  density	
  n0(r).	
  

n0(r)	
  	
  ⇒	
  Vext(r)	
  	
  ⇒	
  H 



Hohenberg-­‐Kohn	
  theorem	
  II	
  
Theorem	
   II:	
  A	
  universal	
   func,onal	
   for	
   the	
  energy	
  E[n]	
   in	
   terms	
  
of	
   the	
   density	
   n(r)	
   can	
   be	
   defined,	
   valid	
   for	
   any	
   external	
  
poten2al	
  Vext(r).	
  For	
  any	
  par2cular	
  Vext(r),	
  the	
  exact	
  ground	
  state	
  
energy	
   of	
   the	
   system	
   is	
   the	
   global	
   minimum	
   value	
   of	
   this	
  
func2onal,	
  and	
  the	
  density	
  n(r)	
   that	
  minimizes	
  the	
  func2onal	
   is	
  
the	
  exact	
  ground	
  state	
  density	
  n0(r).	
  

Universal	
  E[n(r)]	
   n0(r)	
  
minimiza2on	
  

variaitonal	
  principle	
  



Proof	
  of	
  theorem	
  II	
  

For	
  a	
  given	
  H,	
  all	
  proper2es,	
  such	
  
as	
  kine2c	
  energy	
  and	
  interac2on	
  
energy	
  are	
  uniquely	
  determined.	
  

V-­‐representable	
  

n0(r)	
  	
  ⇒	
  Vext(r)	
  	
  ⇒	
  H ⇒	
  E[n] HK	
  I:	
  

n1	
   n3	
  n2	
   n5	
  n4	
   H ⇒Ψ

T = Ψ −
2

2m
∇ j
2

j
∑ Ψ ⇒ T[n]

Eint = Ψ 1
2

e2

rj − rj 'j≠ j '
∑ Ψ ⇒ Eint[n]

n0(r)	
  	
  ⇒	
  Vext(r)	
  	
  ⇒	
  H and	
  

EHK[n]≡ FHK[n]+ d3r  Vext∫ (r) n(r)+EII where	
  

FHK[n]= T[n]+Eint[n]



Proof	
  of	
  theorem	
  II	
  
Consider	
  ground	
  state	
  density	
  n(1)(r)	
  corresponding	
  to	
  Vext

(1)(r).	
  
The	
  ground	
  state	
  wavefunc2on	
  of	
  H(1)	
  can	
  be	
  solved	
  as	
  Ψ(1).	
  It	
  
follows	
  that	
  	
  

E (1) = Ψ (1) H (1) Ψ (1) = EHK[n
(1) ]

Now	
  consider	
  a	
  different	
  wavefunc2on	
  Ψ(1)	
  and	
  density	
  n(2)(r)	
  	
  

E (1) = Ψ (1) H (1) Ψ (1) < Ψ (2) H (1) Ψ (2) = E (2)

The	
   density	
   n(r)	
   that	
   minimizes	
   the	
   func2onal	
   is	
   the	
   exact	
  
ground	
  state	
  density	
  n0(r).	
  



Hohenberg-­‐Kohn	
  theorem	
  II	
  
Theorem	
   II:	
  A	
  universal	
   func,onal	
   for	
   the	
  energy	
  E[n]	
   in	
   terms	
  
of	
   the	
   density	
   n(r)	
   can	
   be	
   defined,	
   valid	
   for	
   any	
   external	
  
poten2al	
  Vext(r).	
  For	
  any	
  par2cular	
  Vext(r),	
  the	
  exact	
  ground	
  state	
  
energy	
   of	
   the	
   system	
   is	
   the	
   global	
   minimum	
   value	
   of	
   this	
  
func2onal,	
  and	
  the	
  density	
  n(r)	
   that	
  minimizes	
  the	
  func2onal	
   is	
  
the	
  exact	
  ground	
  state	
  density	
  n0(r).	
  

Corollary	
   II:	
  The	
   func2onal	
  E[n]	
  alone	
   is	
   sufficient	
   to	
  determine	
  
the	
  exact	
  ground	
  state	
  energy	
  and	
  density.	
   In	
  addi2on,	
  thermal	
  
equilibrium	
   proper2es,	
   e.g.,	
   specific	
   heat,	
   are	
   determined	
  
directly	
  by	
  the	
  free-­‐energy	
  func2onal	
  of	
  the	
  density.	
  



Extensions	
  of	
  HK	
  theorems	
  
Ø  Spin	
  density	
  func2onal	
  theory	
  

Ø  Spin	
  polarized	
  systems	
  
Ø  Zeeman	
  effect:	
  

	
  
	
  
Ø  Time-­‐dependent	
  density	
  func2onal	
  theory	
  
(TDDFT)	
  
“Given	
  the	
  ini2al	
  wavefunc2on	
  at	
  one	
  2me,	
  the	
  
evolu2on	
  at	
  all	
  later	
  2mes	
  is	
  a	
  unique	
  func2onal	
  of	
  the	
  
2me-­‐dependent	
  density”,	
  i.e.,	
  	
  
Ø Extension	
  of	
  HK	
  to	
  the	
  2me	
  domain	
  
Ø A	
  formal	
  theory	
  to	
  study	
  excita2ons	
  

H = H0 +Vm Vm = −

µ ⋅

Bwith	
  

E = EHK[n, s] n(r) = n(r,σ =↑)+ n(r,σ =↓)where	
  
s(r) = n(r,σ =↑)− n(r,σ =↓)

n(r)⇒ n(r, t).

Runge	
  and	
  Gross,	
  Phys.	
  Rev.	
  Le1.,	
  52:	
  997-­‐1000,	
  1984.	
  



Summary	
  of	
  HK	
  theorems	
  

Hohenberg-­‐Kohn	
  theorem	
  I: 	
   	
  n0(r)	
  	
  ⇒	
  Vext(r) 
Hohenberg-­‐Kohn	
  theorem	
  II:	
   	
  δEHK(n)	
  /	
  δn⏐n0	
  =	
  0	
  
	
  
	
   	
   	
   	
   	
   	
   	
  Ψ({r1,r2,	
  …,	
  rn})	
  ⇒	
  n0(r)	
  

	
  

  

€ 

H = − 
2

2m ∇ i
2 + Vext (ri) + 1

2
i
∑

i
∑ e2

ri − rji≠ j
∑Interac,ng	
  par,cles	
  in	
  

an	
  external	
  poten,al:	
  

The	
  HK	
  theorems	
  reformulate	
  the	
  problem	
  of	
  many	
   interac2ng	
  
par2cles	
   in	
   terms	
   of	
   a	
   func&onal	
   of	
   the	
   ground	
   state	
   density.	
  	
  
However,	
  the	
  exact	
  form	
  of	
  the	
  func2onal	
  is	
  unknown.	
  



Hohenberg-­‐Kohn	
  theorems	
  

Hohenberg-­‐Kohn	
  theorem	
  I: 	
   	
  n0(r)	
  	
  ⇒	
  Vext(r) 
Hohenberg-­‐Kohn	
  theorem	
  II:	
   	
  δEHK(n)	
  /	
  δn⏐n0	
  =	
  0	
  

H = −
2

2m
∇i
2 +
1
2

e2

ri − rji≠ j
∑ + Vext (ri )

i
∑

i
∑Interac,ng	
  par,cles	
  in	
  

an	
  external	
  poten,al:	
  

Ψ({r})   

€ 

n( r )

n0 (
r )Vext (

r )

Ψ i ({
r}) Ψ0 ({

r})

HK	
  



Homogeneous	
  Electron	
  Gas	
  

kF
σ = (6π 2 )1/3(nσ )1/3kF = (3π

2 )1/3(n)1/3 or	
  



Thomas-­‐Fermi-­‐Dirac	
  approxima2on:	
  	
  
Example	
  of	
  a	
  func2onal	
  

Ø Local	
  approxima2on	
  
	
  
Ø TF	
  func2onal	
  

n⇒ n(r) kF ⇒ kF (r)rs ⇒ rs (r)

ETF[n]=C1 d3r  n∫ (r)5/3 + d3r  Vext (r)∫  n(r)

+C2 d3r  n∫ (r)4/3 + 1
2 d3rd3r '∫ n(r)n(r ')

r − r '

Kine2c	
  energy	
  
~	
  kF2	
  per	
  electron	
  

Local	
  exchange	
  energy	
  
	
  	
  	
  	
  ~	
  kF	
  per	
  electron	
  

Hartree	
  energy	
  



d∫
3
r  n(r) = N.

Minimize	
  TFD	
  func2onal	
  against	
  n(r)	
  subject	
  to	
  the	
  constrain	
  
of	
  total	
  number	
  of	
  electrons:	
  	
  	
  

The	
  solu2on	
  can	
  be	
  obtained	
  from	
  unconstrained	
  minimiza2on	
  
of	
  the	
  new	
  func2onal,	
  	
  

ΩTF[n]= ETF[n]−µ d∫
3
r  n(r)− N{ },

where	
  the	
  Lagrange	
  mul2plier	
  μ	
  is	
  the	
  Fermi	
  energy.	
  
The	
  varia2onal	
  principle	
  requires	
  	
  δΩTF[n] δn = 0.

δΩTF[n]= d3r∫ 5
3C1n(r)

2/3 +Vext (r)+ 4
3C2n(r)

1/3 + d3r∫ ' n(r ')
r − r '

−µ
$
%
&

'&

(
)
&

*&
δn(r)

Veff (r)TF	
  varia2onal	
  equa2on:	
  

1
2 3π

2( )
2/3
n(r)2/3 +Veff (r)−µ = 0



TF	
  approxima2on	
  

Ø Truly	
  a	
  density	
  func2onal	
  
Ø Weizsacker	
  gradient	
  correc2on	
  
	
  
	
  
Ø TF	
  in	
  prac2ce	
  

Ø The	
  approxima2ons	
  are	
  too	
  crude	
  
Ø Missing	
  essen2al	
  physics	
  and	
  chemistry,	
  e.g.,	
  shell	
  
structure	
  of	
  atoms	
  and	
  binding	
  of	
  molecules	
  

1
4 (∇n

σ (r))2 nσ (r) 1
36 (∇n

σ (r))2 nσ (r)or	
  
C.	
  F.	
  von	
  Weizsacker,	
  Z.	
  Phys.	
  96:	
  431,	
  1935	
  



Hartree	
  approxima2on	
  

•  A	
  set	
  of	
  self-­‐consistent	
  
single	
  par2cle	
  equa2ons	
  
to	
  treat	
  atoms	
  

•  Kine2c	
  energy	
  derived	
  
from	
  the	
  non-­‐interac2ng	
  
system	
  

•  Much	
  beber	
  descrip2on	
  
of	
  the	
  atomic	
  ground	
  
state	
  than	
  TF	
  



Early	
  DFT	
  prac2ce:	
  TFD	
  and	
  Hartree	
  App.	
  

•  A	
  set	
  of	
  self-­‐consistent	
  
single	
  par2cle	
  equa2ons	
  to	
  
treat	
  atoms	
  

•  Kine2c	
  energy	
  derived	
  
from	
  the	
  non-­‐interac2ng	
  
system	
  

•  Much	
  beber	
  descrip2on	
  of	
  
the	
  atomic	
  ground	
  state	
  
than	
  TF	
  

1
2 3π

2( )
2/3
n(r)2/3 +Veff (r)−µ = 0

Vext (r)+ d3r∫ ' n(r ')
r − r '

+ 4
3C2n(r)

1/3

•  Truly	
  a	
  density	
  func2onal	
  
•  One	
  equa2on	
  solves	
  the	
  

density	
  
•  It	
  does	
  not	
  give	
  the	
  

correct	
  shell	
  structure	
  of	
  
atoms	
  and	
  binding	
  of	
  
molecules	
  



The	
  Kohn-­‐Sham	
  ansatz	
  

•  Replace	
  the	
  original	
  many-­‐body	
  problem	
  by	
  
an	
  auxiliary	
  independent-­‐par2cle	
  problem	
  
– The	
  ground	
  state	
  density	
  is	
  required	
  to	
  be	
  the	
  
same	
  as	
  the	
  exact	
  density	
  

	
  
– A	
  self-­‐consistent	
  method	
  
– Easy	
  to	
  solve	
  

n0 (r) = ψ,
σ (r)

i
∑

σ

∑
2

KS	
  



The	
  Kohn-­‐Sham	
  ansatz	
  

•  There	
  is	
  no	
  rigorous	
  proof	
  for	
  real	
  systems.	
  
– Weakly	
  correlated	
  systems	
  
–  Strongly	
  correlated	
  systems	
  

	
  
•  In	
  principle	
  the	
  solu2on	
  of	
  the	
  auxiliary	
  independent	
  
par2cle	
  system	
  determines	
  all	
  proper2es	
  of	
  the	
  full	
  
many-­‐body	
  system.	
  

n0 (
r ) VKS (

r )

ψi=1,Ne
(r ) ψi (

r )

n0 (
r )Vext (

r )

Ψ i ({
r}) Ψ0 ({

r})

HK	
   KS	
   HK0	
  



Kohn-­‐Sham	
  energy	
  func2onal	
  

EKS[n]= Ts[n]+ d3r  Vext (r)∫  n(r)+EHartree[n]+EII +Exc[n]

where	
  

EHartree[n]=
1
2

d3rd3r '∫ n(r)n(r ')
r − r '

Ts[n]= −
1
2

ψi
σ ∇2 ψi

σ

i=1

Nσ

∑
σ

∑ =
1
2

d3r ∇ψi
σ 2

∫
i=1

Nσ

∑
σ

∑

All	
  the	
  many-­‐body	
  effects	
  are	
  embedded	
  in	
  Exc[n],	
  	
  whose	
  
exact	
  expression	
  is	
  unknown.	
  



Kohn-­‐Sham	
  varia2onal	
  equa2on	
  

δEKS /δψi
σ*(r) = 0

Ts	
  is	
  a	
  func2onal	
  of	
  	
  ψi
σ	
  and	
  all	
  other	
  terms	
  are	
  func2onals	
  of	
  

density.	
  One	
  can	
  apply	
  varia2onal	
  principle	
  to	
  ψi
σ	
  

ψi
σ ψ j

σ ' = δijδσσ 'under	
  the	
  orthonormaliza2on	
  constrains	
  

δTS /δψi
σ*(r) = − 1

2
∇2ψi

σ (r)

δ
δψi

σ* EKS −εi
σ ψi

σ ψ j
σ ' −δijδσσ '( )

ij
∑

#
$
%

&%

'
(
%

)%
= 0

δnσ (r) /δψi
σ*(r) =ψi

σ (r),

Using	
  the	
  results	
  	
  

and	
  



Kohn-­‐Sham	
  varia2onal	
  equa2on	
  
the	
  Kohn-­‐Sham	
  equa2on	
  is	
  derived	
  as:	
  

HKS
σ −εi

σ( )ψi
σ (r) = 0,

where	
  

VKS
σ (r) =Vext (r)+

δEHartree

δn(r,σ )
+

δExc

δn(r,σ )
=Vext (r)+VHartree(r)+Vxc

σ (r).

HKS
σ (r) = − 1

2
∇2 +VKS

σ (r)

and	
  

has	
  to	
  be	
  approximated!	
  Vxc
σ =

δExc

δn(r,σ )



Local	
  density	
  approxima2on	
  

•  Approxima2on	
  to	
  Exc[n]	
  requires	
  informa2on	
  from	
  
reference	
  many-­‐body	
  systems	
  of	
  interac2ng	
  electrons	
  

•  Local	
  density	
  approxima2on	
  (LDA)	
  

•  Approximate	
  εxc	
  based	
  on	
  HEG	
  

Exc[n]= d3r  n(r)∫  εxc ([n], r)

Vxc (r) =
δExc ([n], r)
δn(r)

= εxc ([n], r)+ n(r)
δεxc ([n], r)
δn(r)

εxc ([n], r) ≈ εx
HEG ([n], r)+εc

HEG ([n], r)



Exchange	
  correla2on	
  in	
  HEG	
  

εx
HEG (rs ) = −

3
4π

9π
4

"

#
$

%

&
'
1/3

rs
−1

rs =
3
4πn
!

"
#

$

%
&
1/3

known	
  exactly	
  

εc
HEG (rs )→

a1
rs
+
a2
rs
3/2 +

a3
rs
2 + ⋅ ⋅ ⋅

0.311ln(rs )− 0.048+ rs (A ln(rs )+C)+ ⋅ ⋅ ⋅

$

%
&

'
&

low	
  density	
  

high	
  density:	
  perturba2on	
  theory	
  fails	
  

•  Solvable	
  model	
  

•  In	
  between,	
  the	
  correla2on	
  energy	
  is	
  obtained	
  by	
  
fiung	
  to	
  the	
  QMC	
  data	
  of	
  Ceperley-­‐Alder	
  (1980).	
  	
  



Local	
  spin	
  density	
  approxima2on	
  
Func2onal	
  of	
  n(r),	
  fully	
  local:	
  

Define	
  

•  Different	
  parameteriza2ons	
  in	
  use:	
  
–	
  PW92,	
  Perdew	
  and	
  Wang,	
  Phys.	
  Rev.	
  B	
  45,	
  13244	
  (1992)	
  
–	
  PZ,	
  Perdew	
  and	
  Zunger,	
  Phys.	
  Rev.	
  B	
  23,	
  5048	
  (1981)	
  
–	
  VWN	
  (SVWN5),	
  S.	
  H.	
  Vosco,	
  L.	
  Wilk,	
  and	
  M.	
  Nusair,	
  Can.	
  J.	
  Phys.	
  58,	
  1200	
  (1980)	
  

•  See	
  Appendix	
  B1	
  of	
  R.Mar2n's	
  “Electronic	
  Structures”	
  for	
  analy2c	
  forms	
  for	
  εc.	
  



Typical	
  errors	
  for	
  atoms,	
  molecules,	
  and	
  solids	
  
J.	
  Perdew	
  and	
  S.	
  Kurth,	
  “Density	
  Func2onals	
  for	
  Non-­‐rela2vis2c	
  Coulomb	
  Systems	
  
in	
  the	
  New	
  Century”	
  (2003)	
  

Ø  Despite	
  being	
  a	
  rela2vely	
  small	
  frac2on	
  of	
  Etot,	
  Exc	
  contributes	
  significantly	
  
(about	
  100%)	
  to	
  the	
  chemical	
  bonding	
  or	
  atomiza2on	
  energy.	
  

Ø  Ex	
  is	
  much	
  larger	
  than	
  Ec	
  →	
  error	
  cancella2on	
  in	
  predic2on	
  of	
  Exc	
  (5-­‐10%).	
  
Ø  Small	
  errors	
  in	
  bond	
  length:	
  Geometry	
  and	
  vibra2on	
  (phonons)	
  are	
  usually	
  

good.	
  
Ø  Large	
  errors	
  in	
  energy	
  barrier	
  and	
  dissocia2on	
  energies:	
  Not	
  good	
  for	
  

thermochemistry.	
  



The	
  zoo	
  of	
  exchange-­‐correla2on	
  func2onals	
  

Over	
  the	
  last	
  a	
  few	
  decades,	
  hundreds	
  of	
  exchange-­‐correla2on	
  func2onals	
  have	
  
been	
  developed,	
  which	
  contribute	
  to	
   the	
  so-­‐called	
  “zoo”	
  or	
  “soup”	
  of	
  density	
  
func2onals.	
  One	
  lacks	
  procedures	
  for	
  systema2cally	
  improving	
  the	
  func2onals.	
  

Local	
  density	
  app.	
  
Generalized	
  gradient	
  app.	
  
Hybrid	
  func,onal	
  
…	
  



Generalized	
  gradient	
  approxima2on	
  (GGA)	
  

Use	
  exact	
  condi2ons	
  to	
  constrain	
  construc2on	
  
–	
  PW91,	
  PBE	
  (non-­‐empirical),	
  B88,	
  BLYP	
  (empirical)	
  
–	
  Accuracy	
  (for	
  chosen	
  sets)	
  versus	
  transferability	
  (outside	
  the	
  
sets)	
  
–	
  See	
  Appendix	
  B2	
  of	
  R.Mar2n's	
  “Electronic	
  Structures”	
  for	
  
analy2c	
  forms	
  of	
  PBE	
  



Comparison	
  of	
  LSDA	
  and	
  GGA	
  

J.	
  Perdew	
  and	
  S.	
  Kurth,	
  “Density	
  Func2onals	
  for	
  Non-­‐rela2vis2c	
  Coulomb	
  Systems	
  in	
  
the	
  New	
  Century”	
  (2003)	
  



Example:	
  Ground	
  state	
  of	
  solid	
  Fe	
  

Experiment	
  
●	
  FM	
  
●	
  BCC	
  
	
  

LSDA	
  
●	
  NM	
  
●	
  FCC	
  
	
  

GGA	
  
●	
  FM	
  
●	
  BCC	
  
●	
  Be`er	
  laace	
  
	
  constant	
  



Hybrid	
  Func2onals	
  
Ø Mix	
  in	
  some	
  frac2on	
  (a)	
  of	
  HF	
  exchange	
  
	
  
	
  
Ø  B3LYP:	
  Most	
  widely	
  used	
  func2onal	
  in	
  chemistry	
  

	
  
Ø  HSE	
  [α=1/4]:	
  range-­‐separated,	
  with	
  adjustable	
  
parameters	
  	
  
Exc

PBE0 =αEx
HF + (1−α)Ex

PBE +Ec
PBE

Exc
HSE =αEx

HF,SR (ω)+ (1−α)Ex
PBE,SR (ω)+Ex

PBE,LR (ω)+Ec
PBE



Assessment	
  of	
  func2onals	
  using	
  G2	
  test	
  sets	
  

•  G2	
   and	
   extended	
   G2	
   test	
   sets	
   are	
   oden	
   used	
   to	
   assessing	
   and	
  
improve	
  new	
  theore2cal	
  models.	
  

•  Original	
  G2	
   test	
   set:	
   55	
  molecules	
   used	
   for	
   comparing	
   theore2cal	
  
and	
   experimental	
   molecular	
   energies	
   (atomiza2on	
   energies,	
  
ioniza2on	
  poten2als,	
  electron	
  affini2es,	
  and	
  proton	
  affini2es)	
  .	
  

L.	
  A.	
  Cur2ss,	
  K.	
  Raghavachari,	
  G.	
  W.	
  Trucks,	
  and	
  J.	
  A.	
  Pople,	
  J.	
  Chem.	
  Phys.	
  
94,	
  7221	
  (1991).	
  
	
  

•  Extended	
   G2	
   set	
   (G2	
   neutral	
   test	
   set):	
   148	
   molecules	
   with	
   well-­‐
established	
  enthalpies	
  of	
  forma2on	
  at	
  298	
  K,	
  including	
  29	
  radicals,	
  
35	
   nonhydrogen	
   systems,	
   22	
   hydrocarbons,	
   47	
   subs2tuted	
  
hydrocarbons,	
  and	
  15	
  inorganic	
  hydrides.	
  

L.	
  A.	
  Cur2ss,	
  K.	
  Raghavachari,	
  P.	
  C.	
  Redfern,	
  and	
  J.	
  A.	
  Pople,	
  J.	
  Chem.	
  Phys.	
  
106,	
  1063	
  ~1997!.	
  



Test	
  of	
  XC	
  func2onals	
  with	
  G2	
  sets	
  



Test	
  of	
  XC	
  func2onals	
  with	
  G2	
  sets	
  



Test	
  of	
  XC	
  func2onals	
  for	
  solids	
  



Challenges	
  in	
  DFT	
  

•  Self-­‐interac2on	
  error	
  (SIE)	
  

–  One	
  electron	
  interacts	
  with	
  its	
  own	
  mean-­‐field	
  
–  incomplete	
  cancella2on	
  of	
  self-­‐interac2ons	
  in	
  Coulomb	
  

and	
  exchange	
  terms	
  
–  Self-­‐interac2on	
  correc2on	
  (SIC)	
  

	
  J.	
  Perdew	
  and	
  Z.	
  Zunger,	
  Phys.	
  Rev.	
  B	
  23,	
  5048	
  (1981)	
  

–  Op2mized	
  effec2ve	
  poten2al	
  (OEP)	
  
	
  	
  

•  “Band-­‐gap”	
  problem	
  

•  van	
  der	
  Waals	
  dispersion	
  is	
  not	
  properly	
  described	
  



John	
  Perdew's	
  Jacob'	
  ladder	
  
to	
  “DFT	
  heaven”	
  

+	
  explicit	
  dependence	
  on	
  unoccupied	
  orbitals	
  

+	
  explicit	
  dependence	
  on	
  occupied	
  orbitals	
  

+	
  explicit	
  dependence	
  on	
  kine,c	
  energy	
  density	
  

+	
  explicit	
  dependence	
  on	
  density	
  gradients	
  

Local	
  density	
  only	
  

John	
  P.	
  Perdew	
  and	
  Karla	
  Schmidt,	
  in	
  Density	
  
Func2onal	
  Theory	
  and	
  Its	
  Applica2ons	
  to	
  
Materials,	
  AIP	
  Conference	
  Proceedings,	
  Vol.	
  
577,	
  page	
  1-­‐20.	
  


