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What, Where, When?

1. Two day short workshop on hydro applied to RHIC (RBRC)

2. Three day workshop on spectral functions (RBRC)

M T W Th F

Hydro Spectral Funcs

3. A week long seminar style program on viscous hydrodynamics (BNL)

M T W Th F

Viscous Hydro



Who? (a partial list)

• Viscous Hydrodynamics

– Paul Romatschke, Huichao Song, Kevin Dusling, Azwindini Muronga

• Experimental Aspects of Flow

– J.Y. Ollitrault, Paul Sorenson, Peter Steinberg

• Approaching the hydrodynamic limit with Boltzmann equation

– J.Y. Ollitrault, Pasi Huovinnen, Denes Molnar, Carsten Greiner, Zhe

Xu, Andrej El

• Other participants

– P. Petreczky, Dima Kharzeev, L. McLerran



Major Physics Discussions

• Equation of Motion and Comparison of Results

– Initial confusion by apparent differences.

– Getting the first order viscous results

– Second order corrections and convergence to first order

• Experimental Aspects of Flow

– CuCu system

– Flow Fluctuations and Non-flow

• Approaching the hydrodynamic limit with Boltzmann equation

• Other issues: Bulk Viscosity, Lattice EOS, Gluaber vs. KLN

Viscous Results are remarkably consistent with each other



Apparent Differences: IComparison with Romatschke
 

07 results

25--30%

P. &U.Romatschke
PRL 07

Song & Heinz
PLB 08

70--80%

simplified I-S eqn.
full I-S eqn.

System size effects and EOS ?

- different systems & EoS: CuCu, b=7, SM-EOS Q vs. Au+Au, min bias, EOS Lattice

- different Isreal-Stewart eqns. used:  simplified I-S eqn.  vs. full I-S eqn.

1. Different system size!

3. Different EOS (relatively minor)

2. Different equations (relatively minor)

The differences explain the difference



Resolution of Differences I: (H. Song and U. Heinz – appears today) 6
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FIG. 3: (Color online) Differential elliptic flow v2(pT ) for directly emitted pions (i.e. without resonance decay contributions),
comparing results for different collisions systems and equations of state. Left: Cu+Cu at b = 7 fm with SM-EOS Q. Middle:
Au+Au at b = 7 fm with SM-EOS Q. Right: Au+Au at b = 7 fm with EOS L. Dashed (solid) lines correspond to ideal (viscous)
fluid dynamics, with parameters as indicated.

result for ε′p lying slightly above the one obtained with
the conformal approximation (4).

Comparison of the black and red lines in Fig. 2 shows
that the sensitivity of the momentum anisotropy ε′p to
the relaxation time τπ is significantly larger for the sim-
plified I-S equations (red) than for the full I-S equations,
and that the τπ-dependence of ε′p even has the oppo-
site sign for the two sets of equations. With the full
I-S equations, ε′p moves slowly towards the ideal fluid
limit as τπ increases whereas with the simplified I-S equa-
tions ε′p moves away from the ideal fluid limit, at a more
rapid rate, resulting in a larger viscous suppression of the
momentum anisotropy. In the limit τπ → 0, both for-
mulations approach the same Navier-Stokes limit. The
difference between full and simplified I-S equations is
largest for EOS I which is the stiffest of the three stud-
ied equations of state, causing the most rapid expansion
of the fireball. For this EOS, the simplified I-S equa-
tions allow for the largest excursions of πmn away from
its Navier-Stokes limit, causing a significant and strongly
τπ-dependent increase of all viscous effects, including the
suppression of the momentum anisotropy (Fig. 2) and el-
liptic flow (see Fig. 3 below) and the amount of viscous
entropy production (see Sec. VI).

For the other two equations of state, SM-EOS Q and
EOS L, the difference between full and simplified I-S dy-
namics is much smaller, ranging from ∼ 5% for Au+Au
to ∼ 15% for Cu+Cu for the largest τπ value of 6η/sT
studied here. Note that the viscous suppression of ε′p is
much stronger for the smaller Cu+Cu collision system
than for Au+Au. For SM-EOS Q and EOS L (which
yield rather similar results for ε′p, with differences not
exceeding ∼ 10%), the results from the full I-S equations
(black lines) are almost completely independent of τπ,
even for the small Cu+Cu system.

The insets in the two upper panels of Fig. 2 illustrate
the different τπ-dependences for ε′p in the full and sim-
plified I-S formulations, by plotting the value of ε′p for
EOS I at a fixed time τ − τ0 = 4 dm/c as a function
of τπ. One sees that, for the investigated range of re-
laxation times, the τπ-dependence is linear, but that the

slope has different signs for the full and simplified I-S
equations and is much smaller for the full I-S system.
Even though VISH2+1 cannot be run for much smaller
τπ values, due to numerical instabilities that develop as
the Navier-Stokes limit τπ = 0 is approached, the lines
corresponding to the full and the simplified I-S equations
are seen to nicely extrapolate to the same Navier-Stokes
point, as they should. For SM-EOS Q and EOS L, the
corresponding lines would both have much smaller slopes
(of still opposite signs), with almost vanishing slope for
the full I-S equations. This agrees with findings reported
in [1, 47].

In Fig. 3 the effects of changing the system size, EOS,
and form of I-S equations on the differential elliptic flow
v2(pT ) for directly emitted pions is shown. The largest
viscous suppression of elliptic flow (by almost 70% be-
low the ideal fluid value at pT = 2 GeV/c) is seen for
the small Cu+Cu system, evolved with SM-EOS Q and
the simplified I-S equation. This is the result reported
by us in [3]. The middle panel of Fig. 3 shows that this
large v2 suppression is almost cut in half by going from
Cu+Cu to Au+Au, the system studied in [1], even with-
out modifying the EOS or the form of the I-S equations.
Changing the EOS from SM-EOS Q [3] to EOS L (which
is close to the one used in [1]) reduces the viscous v2

suppression by another quarter, from about 40% to less
than 30% below the ideal fluid limit at pT = 2. Finally,
replacing the simplified I-S equations used in [3] by the
full I-S equations employed by Romatschke [1] further
reduces the suppression from about 28% below the ideal
fluid to ∼ 25% at pT = 2 GeV/c. This is consistent with
the results obtained [1].

We conclude that the biggest contribution to the large
difference between the results reported in Refs. [3] and [1]
arises from the different collisions systems studied, with
much larger viscous effects seen in the smaller Cu+Cu
system than in Au+Au collisions. The next most im-
portant sensitivity is to the EOS; for the most realistic
EOS studied here, EOS L, the differences between using
the full or simplified I-S equations with τπ = 3η/sT are
only about 10% on a relative scale, or about 3% on the
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System size effects and EOS 6

- different systems & EoS: CuCu, b=7, SM-EOS Q vs. Au+Au, min bias, EOS Lattice

- different Isreal-Stewart eqns. used:  simplified I-S eqn.  vs. full I-S eqn.
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result for ε′p lying slightly above the one obtained with
the conformal approximation (4).

Comparison of the black and red lines in Fig. 2 shows
that the sensitivity of the momentum anisotropy ε′p to
the relaxation time τπ is significantly larger for the sim-
plified I-S equations (red) than for the full I-S equations,
and that the τπ-dependence of ε′p even has the oppo-
site sign for the two sets of equations. With the full
I-S equations, ε′p moves slowly towards the ideal fluid
limit as τπ increases whereas with the simplified I-S equa-
tions ε′p moves away from the ideal fluid limit, at a more
rapid rate, resulting in a larger viscous suppression of the
momentum anisotropy. In the limit τπ → 0, both for-
mulations approach the same Navier-Stokes limit. The
difference between full and simplified I-S equations is
largest for EOS I which is the stiffest of the three stud-
ied equations of state, causing the most rapid expansion
of the fireball. For this EOS, the simplified I-S equa-
tions allow for the largest excursions of πmn away from
its Navier-Stokes limit, causing a significant and strongly
τπ-dependent increase of all viscous effects, including the
suppression of the momentum anisotropy (Fig. 2) and el-
liptic flow (see Fig. 3 below) and the amount of viscous
entropy production (see Sec. VI).

For the other two equations of state, SM-EOS Q and
EOS L, the difference between full and simplified I-S dy-
namics is much smaller, ranging from ∼ 5% for Au+Au
to ∼ 15% for Cu+Cu for the largest τπ value of 6η/sT
studied here. Note that the viscous suppression of ε′p is
much stronger for the smaller Cu+Cu collision system
than for Au+Au. For SM-EOS Q and EOS L (which
yield rather similar results for ε′p, with differences not
exceeding ∼ 10%), the results from the full I-S equations
(black lines) are almost completely independent of τπ,
even for the small Cu+Cu system.

The insets in the two upper panels of Fig. 2 illustrate
the different τπ-dependences for ε′p in the full and sim-
plified I-S formulations, by plotting the value of ε′p for
EOS I at a fixed time τ − τ0 = 4 dm/c as a function
of τπ. One sees that, for the investigated range of re-
laxation times, the τπ-dependence is linear, but that the

slope has different signs for the full and simplified I-S
equations and is much smaller for the full I-S system.
Even though VISH2+1 cannot be run for much smaller
τπ values, due to numerical instabilities that develop as
the Navier-Stokes limit τπ = 0 is approached, the lines
corresponding to the full and the simplified I-S equations
are seen to nicely extrapolate to the same Navier-Stokes
point, as they should. For SM-EOS Q and EOS L, the
corresponding lines would both have much smaller slopes
(of still opposite signs), with almost vanishing slope for
the full I-S equations. This agrees with findings reported
in [1, 47].

In Fig. 3 the effects of changing the system size, EOS,
and form of I-S equations on the differential elliptic flow
v2(pT ) for directly emitted pions is shown. The largest
viscous suppression of elliptic flow (by almost 70% be-
low the ideal fluid value at pT = 2 GeV/c) is seen for
the small Cu+Cu system, evolved with SM-EOS Q and
the simplified I-S equation. This is the result reported
by us in [3]. The middle panel of Fig. 3 shows that this
large v2 suppression is almost cut in half by going from
Cu+Cu to Au+Au, the system studied in [1], even with-
out modifying the EOS or the form of the I-S equations.
Changing the EOS from SM-EOS Q [3] to EOS L (which
is close to the one used in [1]) reduces the viscous v2

suppression by another quarter, from about 40% to less
than 30% below the ideal fluid limit at pT = 2. Finally,
replacing the simplified I-S equations used in [3] by the
full I-S equations employed by Romatschke [1] further
reduces the suppression from about 28% below the ideal
fluid to ∼ 25% at pT = 2 GeV/c. This is consistent with
the results obtained [1].

We conclude that the biggest contribution to the large
difference between the results reported in Refs. [3] and [1]
arises from the different collisions systems studied, with
much larger viscous effects seen in the smaller Cu+Cu
system than in Au+Au collisions. The next most im-
portant sensitivity is to the EOS; for the most realistic
EOS studied here, EOS L, the differences between using
the full or simplified I-S equations with τπ = 3η/sT are
only about 10% on a relative scale, or about 3% on the
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Viscous Equations

Tµν = euµuν + pgµν + πµν

• First order navier stokes theory

π = πµν
(1) ≡ −η

(
∇µuν +∇νuµ − 2

3
∆µν∇ · u

)
• Second order theory

πµν =

O(ε)︷︸︸︷
πµν

(1) +

O(ε2)︷ ︸︸ ︷
second derivatives

• Minimal second order theory (Simplified Israel-Stuart)

πµν = πµν
(1) − τπDtπ

〈µν〉



Important advance: Baier, Romatschke, Son, Starinets Stephanov

• Classified all possible second derivatives.

• For a conformally invariant fluid find a combo which must come together

– (Full Israel Stuart)

πµν = πµν
(1) − τπDt(π〈µν〉 +

4
3
∆µν∇ · u) + Other Derivs

• Three possible forms in flat space which respect conformal invariance.

– Ωµν = Vorticity = ∇µuν −∇νuµ

– Other Derivatives

πα〈µ π ν〉
α πα〈µ Ων〉

α Ωα〈µ Ων〉
α

• Non-conformal terms – 11 total, for example πµν∇ · u



Why this is important. (Huichao & Romatschke)

εp =
〈T xx − T yy〉
〈T xx + T yy〉

• p = 1
3e Equation of State 5
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FIG. 2: (Color online) Time evolution of the total momentum anisotropy ε′

p for two collision systems (left: Cu+Cu; right:
Au+Au), three equations of state (top: EOS I; middle: SM-EOS Q; bottom: EOS L), and three values of the kinetic relaxation
time τπ as indicated (dotted, dashed and solid curves, respectively). See text for discussion.

holds only for conformal fluids (i.e. for the case of EOS I
in Fig. 2). We have, however, tested the two expres-
sions on the left and right of Eq. (4) against each other
also for the other two equations of state (SM-EOS Q and

EOS L) which are not conformally invariant and found
no discernible differences. Only for a very long relaxation
time τπ = 12η/sT (not shown in Fig. 2) did we see for
EOS L a difference larger than the line width, with our

Rapidly converges to the first order theory with conformal terms



Why this is important. (Huichao)

εp =
〈T xx − T yy〉
〈T xx + T yy〉

• p = 1
3e Equation of State & Lattice type EOS5
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holds only for conformal fluids (i.e. for the case of EOS I
in Fig. 2). We have, however, tested the two expres-
sions on the left and right of Eq. (4) against each other
also for the other two equations of state (SM-EOS Q and
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FIG. 2: (Color online) Time evolution of the total momentum anisotropy ε′

p for two collision systems (left: Cu+Cu; right:
Au+Au), three equations of state (top: EOS I; middle: SM-EOS Q; bottom: EOS L), and three values of the kinetic relaxation
time τπ as indicated (dotted, dashed and solid curves, respectively). See text for discussion.

holds only for conformal fluids (i.e. for the case of EOS I
in Fig. 2). We have, however, tested the two expres-
sions on the left and right of Eq. (4) against each other
also for the other two equations of state (SM-EOS Q and

EOS L) which are not conformally invariant and found
no discernible differences. Only for a very long relaxation
time τπ = 12η/sT (not shown in Fig. 2) did we see for
EOS L a difference larger than the line width, with our

Rapidly converges to the first order theory with conformal terms



Dependence on short time
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Experimental Aspects of Flow and Flow Fluctuations: (Picture by P. Steinberg)

Au + Au

Au+Au

Participants trace out overlap zone, but include
1. Fluctuations (finite number per event)
2. Correlations (it takes two to tango...)

(NB: these are snapshots of nucleon configurations, not stable nuclear states!)

Cu + Cu

Cu+Cu

Fluctuations can seriously deviate from nominal overlap
zone for small numbers of nucleons

• We want to use the smaller CuCu system to analyze elliptic flow

– J.Y. Ollitrault, P. Romatschke, DT, K. Dusling, Pasi Huovinnen, Huichao Song,

Zhe Xu

• Need to understand the systematics of fluctuations

– J.Y. Ollitrault, Paul Sorenson, Peter Steinberg

The CuCu data and AuAu larger impact parameters are under good control



Flow Fluctuations. (Ollitrault, Steinberg, Voloshin, Sorenson)

• Flow from two particle cummulants. Pairs of particles

v2{2}2 = 〈cos 2 (φ1 − φ2)〉

'
〈
v2
2

〉
+ σ2

v + δ2

• Flow from four particle cummulants

v2{4}4 = 2 〈cos 2 (φi − φ2)〉 − 〈cos (φ1 + φ2 − φ3 − φ4)〉

– Have the approximate relationship

v2{4}2 =
√
〈v2〉4 − 2σv 〈v2〉2 + σ4

v ' 〈v2〉2 − σ2
v



Can only measure flow fluctuations and nonflow together

σ2
dyn = v2{2}2 − v2{4}2 =

flucts︷︸︸︷
2σ2

v +

non-flow︷︸︸︷
δ

• The differences in v2{2} and v2{4} are from flow fluctuations (mostly)

• Can study smaller systems and make sense of the results



Want to make the best “Voloshin” plot ever
Corrected Scaling
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Not a major change, but a slight flatterning at

large dN/dy/<S>

Phys. Rev. C 77, 014906 (2008)

• What to divide by? Pre-Phobos answer

v2{2}
ε{2}

v4{4}
ε{4}

Other?

• For v2{EP} the appropriate ε depends on the reaction-plane resolution



Next three slides from P. Steinberg describing PHOBOS results



Correlations in A+A 

smooth densities

(leading to “standard” eccentricity)

standard Glauber MC

(nucleons collide in pairs,

fluctuations & correlations)

“mixed” Glauber MC

(sample nucleons from

different collisions,

fluctuations & correlations)

NB: no correlations between nucleons in a nucleus

Phys. Rev. C 77, 014906 (2008)



A Closer Look at Cu+Cu

Number of participants
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BO (eq.13)

, full MCGs!

Number of participants
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 from full MCG{4}part!Ratio to 

Phys. Rev. C 77, 014906 (2008)

Correlations

Higher order terms



The Difference

The pairwise collisions

of nucleons as

the nuclei collide

induce genuine

spatial correlations

which enhance the

fluctuations



Example of potential physics

• Compare central CuCu to peripheral AuAu. PhobosTransverse Momentum

Unity of geometry, system, energy, pT

at same Npart

PHOBOS QM2006 R. Nouicer

Want to see many more data like this



Potential Comparison with Viscous HydroComparison with Romatschke
 

07 results

25--30%

P. &U.Romatschke
PRL 07

Song & Heinz
PLB 08

70--80%

simplified I-S eqn.
full I-S eqn.

System size effects and EOS ?

- different systems & EoS: CuCu, b=7, SM-EOS Q vs. Au+Au, min bias, EOS Lattice

- different Isreal-Stewart eqns. used:  simplified I-S eqn.  vs. full I-S eqn.



Physics with CuCu (Ollitrault et al)

• Interpolating ansatz between the low density and hydro limits

v2 =
videalhydro
2

1 + K/K0

• Two parameter fit of elliptic flow results

Ollitrault finds a K/K0 = 30% reduction from ideal hydro



Questions?

• Can we understand the 30% quantitatively with viscous hydro?

• Beyond the ansatz can we compare the Boltzmann equation to the

CuCu data? To hydro?



Comparing viscous hydro to Boltzmann equation. P. Huovinnen and D. Molnar

• Basic Prediction of viscous hydro

T zz = p− 4
3

η

τ
T xx = p +

2
3

η

τ

• Need the Boltzmann equation and IS relax to this form
pressure anisotropy Tzz/Txx = (1 + πL)/(1 − πL/2)

 0

 0.2

 0.4

 0.6

 0.8

 1

 10 9 8 7 6 5 4 3 2 1

p_
L/

p_
T

tau/tau0

K0=20

K0=20/3

K0=3

K0=2

K0=1ideal
IS hydro
transport
free streaming

early evolutions differ but for K >∼ 3 Navier-Stokes sets in by ∆τ/τ0 >∼ 2/K

P. Huovinen @ BNL, April 30, 2008 14Navier Stokes sets in after (∆τ)/τ0 >∼ 2/K



More Detailed Comparisons in ProgressViscous hydro vs transport v2

• excellent agreement when σ = const ∼ 47 mb
• good agreement fo η/s ≈ 1/(4π), i.e. σ ∝ τ 2/3

• BUT results sensitive to freeze-out criterion, especially at high pT

P. Huovinen @ BNL, April 30, 2008 21

See Pasi’s Talk



Putting More QCD into Hydro Simulations

• Lattice EOS: (Used by Romatschke& Romatschke and Heinz& Song)

 0

 2

 4

 6

 8

10

 100  150  200  250  300  350  400  450  500

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1

T [MeV] 

Tr0 (ε-3p)/T4 

hotQCD
preliminary

asqtad: Nτ=6
8

p4: Nτ=6
8

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

   1   10  100 1000

ε [GeV/fm3] 

p/ε

RHIC LHC

243 6
323 8
fit: p/ε

HRG: p/ε
cs

2

– RBC-Bielefeld, HotQCD, MILC, Wuppertal – all agree with controllable errors

– Quite different from the old “Bag Model” equations of state used in the past.

– The theory is not conformal for the relevant temperatures



Bulk Viscosity. (Dima Kharzeev, Kay Hubener, Ranier Fries)

• There is good lattice evidence that the Bulk Viscosity gets large near Tc.

(Based on discussion with F. Karch)

ω
)ω(ρ

ω

• This is the expectation of critical slowing down (Guy Moore)

• Extract a Bulk Viscosity
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More things to study with hydro!



Conclusions

1. Viscous hydrodynamic codes seem very consistent with each other.

– They are being compared to the data. Need

η

s
<∼ 0.5

to run meaningfully

2. Ongoing analysis of small systems and larger impact parameters

– Impressive experimental work. More needed.

– Breakdown of hydro is very important

η

s
>∼ ???

3. Need to place flow results in a larger context – e-loss
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25--30%

P. &U.Romatschke

PRL 07

Song & Heinz

PLB 08

70--80%

simplified I-S eqn.
full I-S eqn.

System size effects and EOS 6

- different systems & EoS: CuCu, b=7, SM-EOS Q vs. Au+Au, min bias, EOS Lattice

- different Isreal-Stewart eqns. used:  simplified I-S eqn.  vs. full I-S eqn.

How is this RAA(φ)??

Thanks to all


