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The concept of an effective LCWFThe concept of an effective LCWF
• I th LCWF h ll d fi d?• Is the LCWF approach well defined?
• certainly, all LCWFs are coupled by QCD dynamics 
• a sol tion can not be e pected in near f t re

1/2

• a solution can not be expected in near future
• to stay with the LCWF concept, we introduce an effective one

|P, Si =
1/2X

h=−1/2

Z
dλ2

Z
[dX d2k⊥]

×
p

ρ(λ2)ΨSh (Xi,k⊥i|λ2)
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|λ2,XiP+, XiP⊥ + k⊥i, hi

Ψh describes the dynamics of the struck quark with spin h
λ2 denotes some collective degrees of freedomλ2 denotes some collective degrees of freedom
ρ(λ2) is a density



Scalar Scalar didi--quark model (Yukawa theory)quark model (Yukawa theory)
L = ψ̄ (i/∂ m)ψ 1φ

¡
∂2 + λ2

¢
φ+ gψ̄ψφ

struck spin-1/2 quark collective scalar 
diquark spectator

coupling knows
about spin

L = ψ (i/∂ −m)ψ − 2φ
¡
∂ + λ

¢
φ+ gψψφ

q p about spin

Diagrammatic approach:
i i t ti d d

/k+/p1+m /k+/p2+m

δ(xP+ − P+ − 2k+)

via covariant time ordered 
perturbation theory

LC H ilt i h
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k2−λ2

/ /p
(k+p1)2−m2 (k+p2)2−m2

p2p1LC- Hamiltonian  approach

kμ → (k+, k−,k⊥), k± = k0 ± k3, k⊥ = (k1, k2).

p2p1

integrate out minus component to find LCWF

parton number parton number
conserved LCWF

(outer region)

p
violating LCWF

(central region)



four parton number conserved LCWFs with angular momentum L

ψ↑+1/2(X,k⊥) =
³
M +

m´
ϕ(x,k⊥) , L=0ψ+1/2(X,k⊥)

³
M +
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´
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ψ↓+1/2(X,k⊥) =
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k1 k2

L=-1

in terms of one scalar LCWF (e g generalized Yukawa theory)

ψ↑−1/2(X,k⊥) = −k
1 + ik2

X
ϕ(X,k⊥) , L=+1

in terms of one scalar LCWF (e.g., generalized Yukawa theory)

ϕ(X,k⊥) =
gM2p

√
1−XX

−p
µ
M2 − k2⊥ +m

2

X
− k2⊥ + λ2

1−X

¶−p−1
,

Yukawa result follows with p=0
 p>0 serves as analytic regularization (model parameter)

axial-vector LCWFs have  L= {0,+1,-1} 

p y g ( )



• viewed as a phenomenological concept to describe data

UnintegratedUnintegrated PDFs (PDFs (diquarkdiquark model)model)
viewed as a phenomenological concept to describe data 

? TMD counting, definition, factorization theorems, universality

 twist-2 and -3 PDFs are expressed by one LCWF overlap, e.g.

( + M)2 + k2
Z ¯

φ( k |λ2)
¯2L=0 L=1 overlap  (one should wonder)
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 elimination of LCWF overlap yields 12-1 constraints
 known results [Jakob et al. (97)] are recovered with

2 2 1
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A A partonicpartonic GPD duality GPD duality interpretationinterpretation
quark GPD (anti-quark x → -x):

F (x, η, t) =

θ( 1) ( ) θ( 1) ( )θ(−η ≤ x ≤ 1)ω(x, η, t) + θ(η ≤ x ≤ 1)ω(x,−η, t)

ω (x, η, t) =
1
Z x+η

1+η

dy xpf(y, (x− y)/η, t)

dual interpretation on partonic level:

( , η, )
η

Z
0

y f(y, ( y)/η, )

support extension 
is unique [DM et al. 92]η+x

2
η−x
2

η+x
2

η−x
2

ambiguous (D-term)
[DM A Schäfer (05) KMP-K (07)]

p pp p

7
central region  - η < x < η

mesonic exchange in t-channel
outer region η < x

partonic exchange in s-channel

[DM, A. Schäfer (05), KMP-K (07)]



∆1 i∆2

Restoring full GPD:  Restoring full GPD:  in the outer region GPDs are given as 
overlap of parton number conserved LCWFs, e.g., Diehl et al. (00)

early work on FFs & PDFs:∆1 − i∆2
2M

E(x ≥ η, η, t))p
1 ζ

Z
d2k⊥

h
ψ↑∗ (X 0k0 )ψ↓ (X k ) ψ↑∗ (X 0k0 )ψ↓ (X k )

i
early work on FFs & PDFs: 
Drell, Yan (69)
Drell, Brodsky
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double distribution representation’ for the outer region can be read off
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e

µ
y,
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, t

¶ Hwang, DM (07)
Tiburzi, Miller (01,03)
Radyushkin et al.  (03)
Tiburzi et al. (04)with double distribution

e(y, z, t) = N

¡
m
M + y

¢
((1− y)2 − z2)p£

(1− y)m2

2 + y
λ2
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2
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 central region follows by restoring the full support

£
(1 y)

M2 + yM2 y(1 y) ((1 y) z )
4M2

¤

 polynomiality is restored

 ambiguous modification of LCWFs is not allowed



Exploring the LCWF overlapExploring the LCWF overlap
 duality between s- and t-channel allows to find the central regionduality between s and t channel allows to find the central region
 folklore that central region always restores polynomiality

rather LCWFs have to respect hidden Lorentz covariance
 positivity constraints should be automatically satisfied 

 all twist-two and twist-three related quantities can be evaluated
 N, m, λ, and p can be used as model parameters 
 concept: non-perturbative quantities in terms of LCWFs models

 Regge behavior as a collective phenomena is missing
missing ingredients and open questions: missing ingredients and open questions: 

 hard to understand from the naive point of view:
t and k┴ are tied to each other 

2μ2 evolution arises from large k┴ behavior

? contradiction with power counting rules



Converting Converting ∆∆┴┴ into t dependenceinto t dependence
i t t d l LCWF l
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Constrain for Laplace transformed LCWFConstrain for Laplace transformed LCWF
to restore polynomiality a (sufficient) constraint must be satisfied:

d
·
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a simple, however, non-trivial  Laplace transformed LCWF:
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½
−αm

2
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¾
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yields the desired result: reduced LCWF is not fixed
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NOTE:NOTE:

exponential t-dependence (disfavored @ large -t)

power-like t-dependence 
ϕ ∝ δ(α− α0)
ϕ ∝ αp



Spin structure of Spin structure of chiralchiral even GPDs even GPDs 
specified spin coupling yields various GPD representations:specified spin coupling yields various GPD representations:⎧⎪⎪⎨ H
Ee
⎫⎪⎪⎬
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Z 1
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Z 1−y
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NOTE: k┴ -integration can be replaced by t-integration

three constraints among four GPDs             



Spin structure of Spin structure of chiralchiral odd GPDsodd GPDs
chiral odd GPDs arise from the interference of L=0 & L=1 LCWFschiral odd GPDs arise from the interference of L 0 & L 1 LCWFs
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Z 1
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obviously, another set of constraints, e.g., 
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ReggeRegge improved PDFs and GPDsimproved PDFs and GPDs
collective degrees of freedom:collective degrees of freedom:
• g an effective coupling (normalization fixed by parton number)
• m struck quark mass (containing a bunch of partons)• m struck quark mass (containing a bunch of partons)
• λ spectator diquark mass

naively any transformation within these parameters is allowed

[Landshoff, Polkinghorne (71);
Pobylitsa (03)]

naively, any transformation within these parameters is allowed

ρα(λ,λc) = θ(λ− λc)
2−αΓ(2 + 2p)

Γ(2 + 2p α)Γ(α)
M−2α(λ2 − λ2c)

α−1
Γ(2 + 2p− α)Γ(α)

g2 x−α(1 x)2p+1+α

this simple Regge ansatz with intercept α yields PDFs and DDs:

Φ(x,k2⊥) =
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M2

x (1− x) p+ +h
(1− x)m2

M2 + x
λ2

M2 − x(1− x) + k2⊥
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i2p+2
Φ̂(y, z, t) = N

y−α ((1− y)2 − z2)p+α/2£
(1− y)m2

M2 + y
λ2

M2 − y(1− y)− ((1− y)2 − z2) t
4M2

¤2p+1



NOTES:

• a t-dependent α(t) might violate positivity constraints 
• linear Regge trajectory has not been established from field theorylinear Regge trajectory has not been established from field theory
• t-dependence requires a more intricate integral transformation

th i i t h f di i l ti (P) d UV b h i• there is a mismatch of dimensional counting (P) and UV behavior
• Drell-Yan (perturbative behavior) and West (IR behavior)  derived

the same exclusive-inclusive (form factor-PDF) relationthe same exclusive-inclusive (form factor-PDF) relation

• collinear gluon degrees of freedom are effectively absorbed
• twist-3 rel. unintegrated PDFs are affected by transverse gluons

• matching scale is ambiguous (evolution below <<1 GeV2 ???)g g ( )
? not working GR(77)           GRV(98)  (has steep gluons)



Models versus Models versus phenomenologyphenomenology
only for the scalar content of the proton, related to a ud-diquarky p , q
SU(6) symmetry states  

|pi = 1√ |u, (ud, 0)+i+ 1√ |u, (ud, 0)−i− 1√ |d, (uu, 1)−i

unintegrated PDFs  (as below + Regge improved LCWF overlap) 

|pi √
2
|u, (ud, 0) i+ √

6
|u, (ud, 0) i √

3
|d, (uu, 1) i

GPDs: H(x, η, t) =
1

3
[2Huval(x, η, t)−Hdval(x, η, t)] ,

E( t)
1
[2E ( t) E ( t)]

(generalized) form factors

E(x, η, t) =
3
[2Euval(x, η, t)− Edval(x, η, t)] ,

F1(t) =

Z 1

−η
dxH(x, η, t) F2(t) =

Z 1

−η
dxE(x, η, t)

parton distribution functions
q(x) = H(x, η = 0, t = 0)



Comparison with Lattice dataComparison with Lattice data
LHPC, Bratt et al. (10)
thanks to P. Hagler

G. Hohler et al. (76)
LHPC, Hagler et al. (08)

QCDSF, Gockeler et al. (07)
G. Hohler et al. (76)
LHPC, Hagler et al. (08)



Comparison with PDFs Comparison with PDFs 
d di ti fd di ti f kk GPDGPDand predictions for zero and predictions for zero skewnessskewness GPDsGPDs

Alekhin (05)

Blumlein
Bottcher (02)

Anselmino
et al. (09)

x q x δqx ∆q

x E x2 Ě x ET



GPD predictions for GPD predictions for ηη=x=x
GPD at ηη=x=x is accessible @ LO and fixed Q2 + subtraction const. ηη @ Q

 1-x term “outside” of DD e completes polynomiality
 duality is respected, no ambiguous D-term

 projecting on the D-term D(x, t) = − lim E(xη, η, t)

 “pomeron” exchange α t 1 we find a large negative D-term
[Polyakov et al (01)]

( )
η→∞

( η η )



ConclusionsConclusions
unintegrated PDFs and GPDs are given as LCWF overlap
 scalar diquark spectator model is well understood  
 simple for (unintegrated) PDFs and intricate for GPDs

unintegrated PDFs and GPDs are given as LCWF overlap

 simple for (unintegrated) PDFs and intricate for GPDs 
 Regge improvement from s-channel is to reconsider
 a simple model describes phenomenological findings

quark orbital angular momentum is an appropriate label:quark orbital angular momentum is an appropriate label:
 our axial-vector part is so far restricted to forward case
 |L| c1 for scalar and axial-vector exchanges |L| c1 for scalar and axial-vector exchanges 
 |L| s 2 requires tensor (rank s 2) exchanges 
 l t h i PDF angular momentum appears everywhere, e.g., in PDFs
 spin puzzle can be simply quantified in terms of LCWFs


